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Abstract. Lensless inline digital holographic microscopy (LI-DHM) and Fourier ptycho-
graphic microscopy (FPM) are two widespread quantitative phase imaging (QPI) techniques.
They have been employed in various fields, especially for biological slice imaging because
of their simplicity in use, stability in structure, and also large field of view. Spherical phase
response (for example from HeLa cells) is commonly observed in biological imagery. As a con-
sequence, for calibration and validation purposes, small (several to tenth of microns in diameter)
transparent microbeads have been used as standards. Phase imaging of their large counterparts
(hundreds of microns in diameter) using either LI-DHM or FPM has not been reported so far. We
are aiming to analyze the phase response of a 146-μm soda-lime microsphere. It has been
immersed in Canada balsam to reduce phase difference and to avoid overexposed diffraction
rings. The phase estimation issue has been tackled using approaches that involve either
Gerchberg–Saxton type algorithms or an inverse problem-based procedure. Confronting the
results confirms the QPI capability for both imaging techniques to assess phase responses from
such a large transparent object. © 2020 Society of Photo-Optical Instrumentation Engineers (SPIE)
[DOI: 10.1117/1.OE.59.8.083104]
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1 Introduction

Retrieving quantitative phase information from a transparent object is an essential and important
issue for biological tissue imaging. In the past decades, a number of quantitative phase imaging
(QPI) techniques have been introduced.1 With the development of computational imaging, QPI
with simple optical setups can be achieved and is still rapidly expanding. For example, the trans-
port-of-intensity equation technique2 is an approach that allows the retrieval of phases from
images in situations where the illuminations are noncoherent and nonuniform. In cases where
the lightings are coherent or almost monochromatic, lensless inline digital holographic micros-
copy (LI-DHM) and Fourier ptychographic microscopy (FPM)3 are two representative tech-
niques that allow high-resolution phase imaging with basic setups.

Inline holography was first introduced by Gabor4 in 1948. Due to the twin image distortion,
this technique was neglected for a long time. After 2000, due to the improvement of computa-
tional imaging techniques along with the development of digital cameras, retrieval of phase
information and reduction of the twin image effect have been made possible.5,6 Owing to its
simplicity, LI-DHM is capable of accomplishing microscopic imaging tasks under extreme envi-
ronments such as undersea microorganism microscopic imaging.7 Recently, LI-DHMs have
become popular. With samples positioned as close as possible to the camera, the demand for
light coherency may be reduced. With magnification nearly equal to 1, a high field of view
(FOV) that embraces the sensor can be obtained.8,9 Also, subpixel super-resolution techniques
have been applied to improve performances.8,10,11 Rigid and compact microscopes have been
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built with those on chip LI-DHMs.12,13 They are cost effective and at the same time maintain
performances comparable with conventional QPI microscopes.14,15

FPM was introduced in 2013 by Zheng et al.3 By recording and combining images with
different angular illuminations, it can achieve high resolution using a low numerical aperture
(NA) microscope objective. At the same time, it has the large FOVof the low NA lens. Shortly
after the first publication, phase imaging capability of the FPM has been validated.16 In the most
widely used setup, the angular scanning illumination is produced by a matrix of light-emitting
diodes (LEDs), which is inexpensive and easy to integrate into a conventional optical micro-
scope. Due to the simplicity of implementation and the remarkable imaging performance of the
technique, many applications in the field of biological slide imaging have been explored in recent
years.17–20 For example, HeLa cell mitosis has been observed in vitro with a 388-nm half-pitch
resolution.21

To the best of our knowledge, there seems to be no report on a quantitative analysis of QPI
capability of LI-DHM and FPM for relatively large transparent objects (more than a hundred of
microns). Due to the similarity of the optical setups, it could be valuable to assess the perfor-
mances of both techniques.

The large phase object used in this work is a 146-μm-diameter soda-lime microsphere. It is
immersed in Canada balsam to reduce phase difference to avoid overexposed diffraction rings.
The diameter of the microsphere has been inferred with a conventional phase-contrast micro-
scope and the nonquantitative phase images served as basic references for further analyses. The
phase response of the sample has been estimated by LI-DHM and confronted with the results
from FPM.

2 Sample and Methods

In this section, basic parameters of the microsphere sample are introduced. LI-DHM and FPM
setups along with the corresponding phase estimation methods are presented.

2.1 Transparent Phase Sample

For QPI validation purpose, several objects have been considered as standards: red blood
cells,12,16 laser lines etched on glass,12 commercial phase standards,22 and samples with known
refractive index such as optical fibers23 or polystyrene microbeads16 immersed in oil. We chose
to fabricate our own standard by isolating a single soda-lime (refractive index nglass ¼ 1.522 at
633 nm) microsphere on a slide, immersed in Canada balsam for immobilization. The diameter
provided by the manufacturer is 150 μm with a standard deviation-to-mean ratio of 10%. The
exact diameter of the sphere is then inferred from images captured with a phase-contrast micro-
scope as shown in Fig. 1(b). To set the focus plane at the middle of the sample, we have analyzed
the captured images at a vicinity of the microsphere boundary and maximized the sharpness of
the observed arc. The estimated diameter is 146 μm. The refractive index of the Canada balsam
has been measured separately using a refractometer. Depending on the experiments, variations

(a) (b)

Fig. 1 Images of microsphere from conventional microscope. Diameter of the sphere is 146 μm.
Image under (a) bright-field microscope and (b) phase-contrast microscope.
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ranging from 1.523 to 1.533 have been observed in the red band. For that reason, we have chosen
to compare phase responses retrieved by each of our instruments.

2.2 Lensless Inline Digital Holographic Microscope

2.2.1 Image formation model

The schematic of Gabor LI-DHM is shown in Fig. 2. The interference pattern recorded on a
hologram is proportional to Hðx; yÞ as given by Eq. (1):

EQ-TARGET;temp:intralink-;e001;116;627Hðx; yÞ ¼ jRðx; yÞj2 þ jOðx; yÞj2 þ R�ðx; yÞOðx; yÞ þ Rðx; yÞO�ðx; yÞ; (1)

where Rðx; yÞ is the reference wave and Oðx; yÞ represents the object wave. The first term in
Eq. (1) corresponds to the background. It may be subtracted from Hðx; yÞ. In cases where phase
only objects are considered, the second term may be neglected compared with the reference
wave.24 The last ones carry informations to be retrieved. In the LI-DHM configuration where
a point source is used, the waves diffracted by the object are captured in Oðx; yÞ. The undif-
fracted light will serve as the reference Rðx; yÞ. Because of the well-known twin effect, a phase
image cannot be recovered directly from an inline hologram. Additional steps are necessary.

2.2.2 Experimental setup

In this work, we chose to use the classical Gabor’s configuration.25 A 632.8-nm polarized He–Ne
laser is focused by a microscope objective (NA ¼ 0.35) onto a 25-μm-diameter pinhole. The
filtered beam serves as the point source for the LI-DHM setup. The distance between the point
source and the sensor is estimated numerically to be about 21.775 cm. The sensor is an 8-bit
monochrome CMOS camera with 2048 × 2048 pixels of size 7.4 μm each. The object and
the sensor are set to be about 18 cm away from each other so that magnification is about
5.5. The system is shown in Fig. 2. The NA of a LI-DHM can be computed by means of the
formula26 NA ¼ ðW∕2Þ½ðW∕2Þ2 þ z2�−1∕2, where W is the width of the sensor and z is the dis-
tance between the object plane and the hologram plane. For the current setup, the obtained
value is NA ≈ 0.041. With the resolution and depth of field (DOF) provided by ð2δxÞ ¼
λ∕ðNAÞ and ð2δzÞ ¼ λ∕ðNAÞ2, respectively,27 those features are equal to ð2δxÞ ¼ 15.4 μm and
ð2δzÞ ¼ 377 μm. Therefore, it is worth mentioning that the DOF is larger than the diameter of
the sample.

(a) (b)

Fig. 2 Gabor LI-DHM built for this work: (a) schematic diagram and (b) experimental setup.
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2.2.3 Reconstruction

Two well-established methods were employed for phase estimation. The first one lies on the
commonly used Gerchberg–Saxton (G-S) type iterative phase retrieval method.28 The second
one is based on an inverse problem approach.29,30

The procedure involving G-S projection includes two steps. To start with, an autofocusing
algorithm is applied to get the right focusing position. To that end, the sparsity of gradient
(SOG)31 method has been employed. The idea is to look for the location where the gradient
of the reconstructed wavefront is the sparsest. It can be applied to both amplitude and phase
objects. While the Tamura coefficient (TC) or the Gini index can be used both to evaluate spar-
sity,30 TC has been selected for its robustness.32 Its expression is provided by Eq. (2):

EQ-TARGET;temp:intralink-;e002;116;609TCðgÞ ¼
ffiffiffiffiffiffiffiffiffiffiffi
δðjgjÞ
hjgji

s
; (2)

where δ stands for the standard deviation, h·i is the ensemble average, and g represents the gra-
dient of the reconstructed wavefront.

Once the focus has been estimated, the G-S algorithm is launched and coupled with the so-
called positive absorption constraint.6 The latter consists of imposing the limit of 1 to all pixel
values that surpass 1 in the two-dimensional (2-D) transmittance that approximates the object.
Since the size of the microsphere is known, an object support may be introduced to accelerate the
convergence of the algorithm.33,34 Also, it is worth mentioning that the point-source illuminated
inline hologram may be reconstructed as a plane-wave illuminated hologram with an equivalent
propagation distance and an additional magnification rate.35–37 As a consequence, propagation
between the object plane and the hologram plane may be computed with a plane-wave illumi-
nation. The real distance zsph between the object and the camera, and the equivalent propagation
distance zpl are related according to Eq. (3):

EQ-TARGET;temp:intralink-;e003;116;411

1

zpl
¼ 1

zsph
−
1

d
; (3)

where d is the distance between the point source and the camera. Here, zpl is about 1 m. The
band-limited angular spectrum method (ASM) algorithm38 has been used for calculating propa-
gation between the object plane and the hologram plane. Aliasing when using classical ASM in
the far field could then be avoided.

As for the second investigation, a parameter-based inverse problem algorithm has been used
since the regular geometrical shape of the microsphere involves very few variables.29 It is more
robust than the general approach that consists of reconstructing the transmittance distribution
directly.39 It was introduced by Soulez et al.40 to track the traces of particles and to estimate their
size. The detailed mathematical development can be found in the dissertation of Denis.41 We
have adapted the approach to our problem. It will be briefly summarized here. The cost function
can be described in Eq. (4):

EQ-TARGET;temp:intralink-;e004;116;234lð~p; α; βÞ ¼
X
x

X
y

Wðx; yÞ · ½IHðx; yÞ − αIsimuð~p; x; yÞ þ β�2; (4)

where IH is the hologram captured experimentally and Isimu is the simulated diffraction pattern.
W represents a weight maskWðx; yÞ ¼ 1∕var½IHðx; yÞ� that defines a matrix of inverse variances
for each pixel. For elements that are not taken into account (pixels outside the hologram, dead
pixels),Wðx; yÞ is set to zero.29 α and β are the two real positive parameters with α related to the
energy received by the camera and β the DC component of the hologram (reference wave inten-
sity).41 The expressions of α� and β� that minimize lð~p; α; βÞ may be obtained analytically.
Detailed calculations that permit one to exhibit the cost function is provided in Appendix A.
The unknown ~p ¼ ðxp; yp; zp; DpÞ is formed by the position of the center and the diameter
of a microsphere. For our case, the diameter Dp is already known. As the microsphere is far
enough from the point source (≈3.9 cm) and the system depth of field is larger than its diameter,
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the sample’s response can be approximated by a complex transmittance for incident waves that
are almost plane.42 The phase distribution PðrÞ across the sample may be obtained by evaluating
the delay undertaken by each directly transmitted ray and can be described by Eq. (5):

EQ-TARGET;temp:intralink-;e005;116;699PðrÞ ¼ Pmax

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

�
r
R

�
2

s
r < R ¼ 0 otherwise; (5)

with r ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðx2 þ y2Þ

p
. R is the radius of the sphere, and Pmax identifies the maximum phase shift

that is produced by the difference of refractive indices between glass and optical glue. Since a
unique sphere is present in our case, its lateral position ðxp; ypÞ may be determined prior to the
current optimization process. We then have to seek ~p ¼ ðzp; PmaxÞ. With the object plane far
enough from the camera, the sample may be considered as a phase disk that follows Eq. (5).
Unfortunately, diffraction pattern of a phase disk illuminated by spherical waves cannot be cal-
culated analytically, unlike objects in Ref. 41. As an alternative, a fast Fourier transform (FFT)-
based Fresnel diffraction method will be used to obtain Isimu. It is worth reminding that the latter,
being the simulated diffraction pattern, is computed by propagating the complex transmittance
that approximates the object onto the hologram plane. Finally, optimization is achieved by means
of a sequential quadratic programming algorithm.43

2.3 Fourier Ptychographic Microscope

2.3.1 Image formation model

FPM was chosen to confirm the phase distribution obtained by the holographic system. It is a
computational imaging technique based on Fourier optics. Unlike digital holography where
interference patterns are recorded, FPM captures intensity data in the spatial domain. Both meth-
ods necessitate phase retrieval algorithms. Ptychography has another key advantage in addition
to its QPI capabilities, namely, the improvement of the system’s resolution.

The limits of imaging performance in optical microscopy are mainly imposed by the diffrac-
tion phenomenon, which can be quantified by the NA of the system and the wavelength of the
illumination. Indeed, in the context of microscopy, this phenomenon can be explained by exam-
ining the Fourier spectrum of the light that has passed through the sample and the system. More
precisely, it is the pupil of the microscope objective that acts as a low-pass filter, cutting off the
high frequencies of the light field, thus limiting the resulting resolution. The degree to which
the frequencies are cut off depends on the radius of the pupil function, which in turn depends on
the NA. The main idea of Fourier ptychography is to synthetically enlarge the NA of the system
by capturing images corresponding to different parts of the spectrum and then by assembling
them in the Fourier domain.

By placing a coherent light source sufficiently far below the sample, the illumination can be
approximated by a plane wave described mathematically by a complex exponential. When such a
source is moved away from the optical axis, the wave arrives at the sample with an oblique
incidence. Such an interaction can be modeled as a multiplication with the transmission function
of the sample oðx; yÞ in the spatial domain, which results in a shift of the spectrum in the Fourier
domain. Therefore, the conventional optical configuration of the FPM involves an array of LEDs
used to produce a set of different illumination angles. The imaging model for the perfect noise-
free case is given by Eq. (6):

EQ-TARGET;temp:intralink-;e006;116;175Ilðx; yÞ ¼ jFT −1fPðkx; kyÞOðkx − kxl ; ky − kylÞgj2; l ¼ 1; : : : ; L; (6)

where Ilðx; yÞ is an intensity image captured for each LED l; FT −1 is the inverse 2-D FT oper-
ator; Pðkx; kyÞ is the pupil function of the lens; ðkxl ; kylÞ is the spatial frequency shift for the l’th
LED; Oðkx; kyÞ is the spectrum of the sample’s transmission function oðx; yÞ.

In real experimental conditions, the model described by Eq. (6) is only an approximation of
the real physical process and the data set Ilðx; yÞ, l ¼ 1; : : : ; L is corrupted by noise.
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2.3.2 Experimental setup

The optical configuration built from scratch and its components are shown in Fig. 3. The camera
used is equipped with a sensor of 2048 × 2048 elements, a pixel size of 6.5 μm × 6.5 μm, and a
16-bit converter. The objective is a 2× Edmund Optics infinity-corrected coupled with a f ¼
200 mm lens tube to focus the image on the camera sensor. The experimentally determined NA
is 0.07. Finally, the LED matrix is a red–green–blue 32 × 32 panel with 6-mm spacing supplied
by Adafruit. The position of the specimen holder, as measured by a ruler, gives a length of
245 mm between the object and the LED array.

For ongoing investigations, 20 × 20 grayscale images are captured using illumination of
wavelength λ ¼ 0.630 μm, as measured by a spectrometer and refined by optimization. A typical
spectrum of the light sources is provided in Appendix C, which can extract a peak wavelength of
about 632 nm and a full width at half maximum (FWHM) of about 15 nm. The images can be
divided into two categories: high intensity “bright-field” data and “dark-field” images produced
primarily by the scattered light.44 Taking into account the system configuration described above,
the calculated overlap of image spectra is 78%.45

2.3.3 Reconstruction methods

A phase extraction algorithm is then applied to the images to reconstruct the transmission func-
tion oðx; yÞ of the sample. The set of images holds not only phase information, but also high-
frequency data, which give the reconstructed object high resolution and complex values.

We are looking for such an object Oðkx; kyÞ that would minimize the norm of the difference
between the captured images Ilðx; yÞ, l ¼ 1; : : : ; L, and the ones that would have been produced
given the observation model of Eq. (6). The solution is sought in the Fourier space [Oðkx; kyÞ
rather than oðx; yÞ] for convenience. It should be noted that different formulations are possible
and that not all are posed as minimization problems with explicit cost functions.46 In all cases,
however, the nonconvex nature must be acknowledged. Many different approaches may be found
in the literature.47

The most widespread method, which is a G-S type procedure,3 is used in the current work.
The algorithm uses two nested loops to reconstruct the spectrum Oðkx; kyÞ of the object. The
internal loop runs through all the data, with one image at a time. At each step l, a complex object
is generated for the illumination angle of the l’th LED, based on the current estimation Oðkx; kyÞ
and the imaging model. The amplitude component of this object is swapped with the square root
of the captured image

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Ilðx; yÞ

p
. Then, the 2-D FT of the resulting complex image is used to

Fig. 3 Experimental setup of FPM. It consists of combining a digital camera, a low NA microscope
objective, and a LED array.
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update the corresponding part of the estimated spectrum Oðkx; kyÞ. The outer loop refines the
result of the reconstruction.

Along with the reconstruction of the object Oðkx; kyÞ itself, we also apply a procedure for
retrieving the pupil function Pðkx; kyÞ to correct the optical aberrations.48 This is a standard
practice for the FPM procedure. In addition, to ensure greater convergence and robustness
to noise, an adaptive step-size strategy is used.49 Lastly, or rather, first of all, the data are pre-
processed to eliminate background offsets from raw images.50

The main workflow of the computer program is shown in Fig. 4. Convergence has been
monitored using the two criteria that are commonly used for FPM.44 They are the amplitude
cost (AC),

EQ-TARGET;temp:intralink-;e007;116;367AC ¼
X
l

X
x;y

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
½Ilðx; yÞ�measured

p
−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
½Ilðx; yÞ�simulated

p �
2

; (7)

and the convergence index (CI),

EQ-TARGET;temp:intralink-;e008;116;308CI ¼
X
l

meanx;y

n ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi½Ilðx; yÞ�simulated

p o
P
x;y
j ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi½Ilðx; yÞ�measured

p
−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi½Ilðx; yÞ�simulated

p j : (8)

The behavior of both quantities as functions of the iteration index t is shown in Fig. 9(c).

3 Results and Analysis

3.1 LI-DHM Phase Retrieval Results

The results from the G-S based algorithm are exposed and analyzed. The hologram captured by
LI-DHM is shown in Fig. 5. The distance between the object plane and the sensor plane retrieved
by the SOG autofocusing method is 17.881 cm. The equivalent reconstruction distance using
plane waves as reference waves is 99.987 cm. To verify that autofocusing is reliable, the same
procedure has been applied to two holograms that have been captured at two other axial positions
translated by 100 μm. The figures provided by the SOG are 17.871 and 17.860 cm, respectively.
With a spacing of 90 and 110 μm, an error of 10 μm over a distance of about 17.881 cm appears
to be more than acceptable.

After ensuring such a reliability for the autofocusing technique, the iterative phase retrieval
procedure has been launched. The reconstructed phase distribution is shown in Fig. 6(a). The

Fig. 4 Algorithm flowchart of reconstruction procedure for FPM. Equations are in Appendix B.
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diameter of the round shape is 828.8 μm with 5.59×magnification. Without magnification, such
a value would drop to 148.3 μm, which is only 2 μm larger than the diameter estimated with a
phase-contrast microscope. In Fig. 6(b), the maximum phase shift Pmax is clearly visible. It has
been inferred to be about −10.10 rads. These outcomes reflect the QPI performances of the
LI-DHM. It is worth mentioning that because of the restricted support introduced in the object
domain (18 pixels larger than the object in radius), the algorithm converges with only 10
iterations.

The focus position and the maximum phase shift have then been used as an initial guess for
the optimization process of the inverse problem. The minimum of the cost function has been
found to be located at ~p ¼ ð17.878;−9.87Þ. It means that the microsphere is 17.878 cm away
from the camera, and the maximum phase shift it induces is −9.87 rads. Consistency with the
result from the SOG autofocusing technique combined with the G-S phase retrieval method has
been maintained.

As shown in Fig. 7, the cost function lð~pÞ exhibits a minimum at −9.87 rads. However, two
other local minimums (−25.88 and −18.36 rads) have been found as the maximum phase shift is
scanned from −30 to −6, with the object kept at 17.878 cm. For those values of Pmax, three
holograms were simulated for comparison purposes with the captured hologram. Sectioning the
diffraction rings throughout their centers provided the fringes of Fig. 8. Great similarity between
the experimental and the simulated curves can be observed. However, the oscillation featured for
Pmax ¼ −9.87 is closer to the ones captured by the camera in the very central area. It signifies
that such a phase shift would probably be the one sought after.

(a) (c)(b)

Fig. 6 Reconstruction of G-S-based iterative phase retrieval algorithm: (a) reconstructed phase
distribution. (b) Curve with red circles is a scan through the center of (a). Curve with blue squares is
theoretical phase distribution calculated according to Eq. (5), with magnified diameter of 816.1 μm
(measured diameter 146 μm times magnification factor of 5.59) and maximum phase shift of
−10.10 rads. (c) Root-mean-square error (RMSE) as a function of iteration number.
Convergence has been attained after 10 iterations.

Fig. 5 Hologram of 146-μm transparent glass microsphere captured by the LI-DHM instrument.
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3.2 FPM Phase Retrieval Result and Comparison

Figure 9 shows phase retrieval results from FPM. The procedure has been executed patch by
patch of 280 × 280 pixels each. The object has been enlarged by four times as compared to the
original. With the measured magnification of 2.034 for the optical system and the camera’s pixel
pitch (PP) of 6.5 μm, the PP of a raw image is 3.196 μm. Consequently, the reconstructed image
has a PP of 3.196∕4 ¼ 799 nm. Those dimensions are taken in the object plane. The diameter of
the phase disk is 148.6 μm and the maximum phase shift is −8.3 rads (points with noncontinu-
ous phase variation are neglected).

Phase curves obtained from the three methods (LI-DHM with G-S algorithm, LI-DHM with
inverse problem approach, and FPM with G-S algorithm) are shown in Fig. 10. Good consis-
tency between LI-DHM results may be observed. The results from both LI-DHM and FPM
exhibit variations that follow Eq. (5) with diameter 148 μm (radius R ¼ 74 μm). However, here,
FPM appears to underestimate the maximum phase shift by 2 rads. As the sample is optically
thick, this result could be produced by an irrelevant approximation of a three-dimensional
response by a 2-D function oðx; yÞ. The phase extent Pmax associated with oðx; yÞ may be esti-
mated by integrating lightpaths within the object. Based on the axial index profile reported by
Horstmeyer et al.20 [Fig. 4(a) therein], a value lower than the maximum phase extent could be
obtained. The introduction of image formation model of Fourier ptychographic tomography
would permit to test such a hypothesis.

Fig. 7 Normalized cost function obtained by scanning maximum phase shift while keeping axial
position at 17.878 cm.

Fig. 8 Intensity distributions of diffraction fringes. (a) Profile of hologram captured by the LI-DHM.
Profiles simulated for a distance object–camera set to 17.878 cm and a maximum phase shift
equals to (b) Pmax ¼ −25.88 rads, (c) Pmax ¼ −18.36 rads, and (d) Pmax ¼ −9.87 rads.
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4 Conclusion

In this work, optical phase response from a large transparent object has been investigated with
LI-DHM and compared to FPM. The sample is a 146-μm glass microsphere. A G-S type phase
retrieval algorithm with positive absorption constraint has been used. A parameter-based inverse
problem approach has also been applied to the same captured hologram. Reliability of the G-S
recovered phase distribution has been assessed through focusing (object) position and maximum
value of the phase shift induced by the sample. Analysis of LI-DHM and FPM maps reveals that
both instruments are capable of providing phase distributions that would be expected from a
microbead, confirming their QPI capability. FPM seems to provide smaller amplitudes as for
the phase extent. Such an aspect will be studied in a forthcoming work.

Fig. 9 Results from FPM. (a) Image captured as the center LED is switched on. (b) Amplitude spec-
trum of (a). (c) AC (blue squares) and CI (red circles) as functions of iteration number. Convergence
is attained when the former is minimized and the latter maximized. (d) Amplitude of reconstructed
complex image. (e) Amplitude spectrum of (d) (logarithmic scale). (f) Reconstructed phase.

Fig. 10 Phase curves recovered by LI-DHM and FPM. Curve with red circles is obtained by LI-
DHM G-S algorithm. Curve with blue squares is phase distribution simulated according to Eq. (5),
with diameter estimated from Fig. 1 and maximum phase shift provided by LI-DHM inverse prob-
lem approach. Curve with green diamonds represents phase retrieved from FPM G-S algorithm.
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5 Appendix A: Detailed Computation of the Cost Function l�~p;α;β�
The cost function provided by Eq. (4) will be exhibited here. We will use the same notations as in
Ref. 41. We recall that Wðx; yÞ is a weighted mask that corresponds to the inverse of the holo-
gram intensity variances at each pixel. IHðx; yÞ is the hologram intensity with the background
subtracted. Isimuð~p; x; yÞ is the simulated hologram using Fresnel propagation algorithm. Here,
we will use the shortened notation Isð~p; x; yÞ. α and β are the variables that represent the absorp-
tion of the camera and the DC term of the hologram, respectively.

EQ-TARGET;temp:intralink-;e009;116;644lð~p; α; βÞ ¼
X
x

X
y

Wðx; yÞ · ½IHðx; yÞ − αIsð~p; x; yÞ þ β�2; (9)

lð~p; α; βÞ is minimized when β ¼ β�

EQ-TARGET;temp:intralink-;e010;116;588

dlð~p; α; βÞ
dβ

����
β¼β�

¼ 0; (10)

which equals to

EQ-TARGET;temp:intralink-;e011;116;5292β�
X
x

X
y

Wðx; yÞ þ 2
X
x

X
y

Wðx; yÞIHðx; yÞ − 2α
X
x

X
y

Wðx; yÞIsð~p; x; yÞ ¼ 0: (11)

In the original development,
P

x

P
y Wðx; yÞIHðx; yÞ is skipped since IH has a zero mean. In

our case, Wðx; yÞ may not be symmetric and IH is not necessary balanced because of the meas-
urement noise. We need to keep all the terms

EQ-TARGET;temp:intralink-;e012;116;447β� ¼
α
P

x

P
y Wðx; yÞIsð~p; x; yÞ −

P
x

P
y
Wðx; yÞIHðx; yÞP

x

P
y
Wðx; yÞ : (12)

For the sake of clarity, we will adopt the same definitions as in Ref. 41.

EQ-TARGET;temp:intralink-;e013;116;373

ŜW ¼
X
x

X
y

Wðx; yÞ;

ŜWIs ¼
X
x

X
y

Wðx; yÞIsð~p; x; yÞ;

ŜWIH ¼
X
x

X
y

Wðx; yÞIHðx; yÞ;

ŜWIHIs ¼
X
x

X
y

Wðx; yÞIHðx; yÞIsð~p; x; yÞ;

ŜWI2s ¼
X
x

X
y

Wðx; yÞ½Isð~p; x; yÞ�2;

ŜWI2H
¼

X
x

X
y

Wðx; yÞ½IHðx; yÞ�2; (13)

where Ŝ represents 2-D summation. With β� written as

EQ-TARGET;temp:intralink-;e014;116;178β� ¼ αŜWIs − ŜWIH

ŜW
; (14)

the cost function becomes

EQ-TARGET;temp:intralink-;e015;116;117lð~p; α; β�Þ ¼
X
x

X
y

Wðx; yÞ ·
�
IHðx; yÞ − α

�
Is −

ŜWIs

ŜW

�
−
ŜWIH

Ŝw

	2
; (15)
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α� will minimize lð~p; α; βÞ by imposing

EQ-TARGET;temp:intralink-;e016;116;723

dlð~p; α; β�Þ
dα

����
α¼α�

¼ 0; (16)

which entails

EQ-TARGET;temp:intralink-;e017;116;666α� ¼
ŜWIHIs −

ŜWIH
ŜWIs

ŜW

ŜWI2s −
Ŝ2WIs

ŜW

; (17)

where α represents the absorption of the sensor, it should be positive, α� ¼ maxðα�; 0Þ. For
optimal α and β, we obtain the expression of the cost function used in the algorithm as

EQ-TARGET;temp:intralink-;e018;116;580

lð~p; α�; β�Þ ¼ ŜWI2H
−
Ŝ2WIH

ŜW
−



ŜWIHIs −

ŜWIH
ŜWIs

ŜW

�2

ŜWI2s −
Ŝ2WIs

ŜW

α� > 0

¼ ŜWI2H
−
Ŝ2WIH

ŜW
otherwise: (18)

6 Appendix B: Equations for Updating FPM Reconstruction

We provide in this appendix the equations that were used to update the solution in the FP recon-
struction procedure, at iteration t of the outer loop (Fig. 4). For the sake of clarity, we set the

shifted FT to OðtÞ
l ðkx; kyÞ ¼ OðtÞðkx − kxl; ky − kylÞ, keeping in mind that we are aiming to

retrieve Oðkx; kyÞ with the reconstruction procedure.

EQ-TARGET;temp:intralink-;e019;116;389gðtÞl ðx; yÞ ¼ FT −1fPðtÞðkx; kyÞOðtÞ
l ðkx; kyÞg; (19)

EQ-TARGET;temp:intralink-;e020;116;342g̃ðtÞl ðx; yÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðIlÞmeasured

p
expðiφðtÞ

l Þ with φðtÞ
l ¼ angleðgðtÞl Þ: (20)

The notation FT −1f:g designates the inverse FT.
EQ-TARGET;temp:intralink-;e021;116;316

Oðtþ1Þ
l ðkx; kyÞ ¼ OðtÞ

l ðkx; kyÞ

þ αðtÞ
½PðtÞ��ðkx; kyÞ

ðj½PðtÞ��ðkx; kyÞj2Þmax

ðFfg̃ðtÞl ðx; yÞg − PðtÞðkx; kyÞOðtÞ
l ðkx; kyÞÞ; (21)

EQ-TARGET;temp:intralink-;e022;116;237

Pðtþ1Þðkx; kyÞ ¼ PðtÞðkx; kyÞ

þ βðtÞ
½OðtÞ

l ��ðkx; kyÞ
ðj½OðtÞ

l ��ðkx; kyÞj2Þmax

ðFfg̃ðtÞl ðx; yÞg − PðtÞðkx; kyÞOðtÞ
l ðkx; kyÞÞ: (22)

The symbols Ff:g and * represent the FT and the complex conjugate, respectively.

EQ-TARGET;temp:intralink-;e023;116;177αðtþ1Þ ¼
�

αðtÞ
2

if Eðt−1Þ−EðtÞ
Eðt−1Þ < 0.1

αðtÞ otherwise
; (23)

EQ-TARGET;temp:intralink-;e024;116;118βðtþ1Þ ¼ αðtþ1Þffiffiffiffi
L

p : (24)

For Eq. (23), we need to compute EðsÞ ¼ P
l

P
x;y ðjgðsÞl ðx; yÞj − ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi½Ilðx; yÞ�measured

p Þ2, which is
the AC at iteration s.
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7 Appendix C: Additional Figures

In this appendix, we supply an additional figure in response to the reviewers’ comments.
Figure 11(a) shows a typical spectral response of the red LEDs used for the FPM illumination.
It has been measured by means of a spectrometer. A peak wavelength of 623 nm and a FWHM of
15 nm can be extracted. Figure 11(b) shows variations of TC as a function of axial translation. It
has been computed from FPM captured images. The minimum at δz ¼ 0 μm identifies the best
focus. The horizontal line that identifies the value ðTCmax þ TCminÞ∕2 permits one to assess the
width of the TC curve at its mean. A value of about 212 μm has been obtained. At a fixed wave-
length, the theoretical DOF depends only on the NA.27 It can be computed using the expression
λ∕ðNAÞ2. With λ ¼ 630 nm and the manufacturer’s NA of 0.055, the estimated DOF is 208 μm.
On the other hand, if the NA of 0.070, as estimated experimentally, is used, the DOF reduces
to 129 μm.
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