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Homogenization limit in a graded photonic crystal
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The transition between the long-wavelength and the short-wavelength regimes of light propagation in two-
dimensional graded photonic crystal is investigated using a hyperspectral near-field scanning microscope. The
experiments show an invariant quantity of only 1.78 times the lattice period as the criterion for the possible
application of homogenization theories. These results are discussed in light of Fourier decomposition of the
electromagnetic Bloch waves, and a physical interpretation of the observed transition between the two light
propagation regimes is proposed. These results indicate the robustness of the homogenization approaches and
suggest that the sharp transition between the two light propagation regimes could be profitably combined in
graded optical artificial materials.
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I. INTRODUCTION

Photonic crystals (PhC) are artificial optical materials
made of a periodic arrangement of dielectric elementary
constituents. The optical properties which are often desired
for PhCs, such as photonic band gap,1 slow light,2 or
unusual dispersion3,4 such as negative and ultrarefraction or
self-collimation, are obtained in the short-wavelength regime
(SWR) or the diffractive regime. These effects are obtained for
a frequency range close to the photonic band gap where the
light behavior is governed by the interferences between for-
ward and backward electromagnetic waves. From the classical
Bragg relationship, this corresponds to normalized frequencies
ω = a/λ equal to ωB = (2n)−1, where a is the lattice period,
λ the vacuum wavelength, and n the optical effective index to
be considered. For the semiconductors and dielectrics usually
employed for planar PhC, the n value ranges from 1.7 to 3,
which corresponds to ωB values ranging from 0.2 to 0.3.

Below the photonic band gap (ω � ωB), the wavelength be-
comes much larger than the lattice period, and light then prop-
agates in a homogeneous-like material. This long-wavelength
regime (LWR) is described by the theories of homogenization
of periodic or composite materials5–8 (and references therein).
In the most general case, planar PhCs behave as anisotropic
biaxial optical media, which give rise to unusual physical
properties such as in-plane anisotropy in comparison with
natural crystals.9 Using a rotationally symmetric lattice cell
unit defined both by the Bravais lattice and the geometry of
the inclusions, media with long-wavelength in-plane isotropic
behaviors can be also defined. This leads to a homogenized
index tensor reduced to a single scalar value that can be
evaluated in the LWR, i.e., for ω → 0, as the square root of the
dispersion diagram curve slope. TE (in-plane electric field) and
TM (in-plane magnetic field) modes have different slopes,8 but
only the effective long-range index, neff , for TM modes has an
analytical expression given by8,9

neff =
√

f × n2
hole + (1 − f ) × n2

diel, (1)

with f as the lattice filling factor, and nhole and ndiel as the
optical index of the hole and the surrounding dielectric media,

respectively. Several recent works relying on the formalism
of spatial coordinate transforms for the design of artificial
optical materials have directly used this homogenized index
approach. This regime has attracted an increasing interest with
the emergence of metamaterials and their fascinating optical
properties. Experimental demonstration of electromagnetic
invisibility devices or Luneburg lensing structures,10,11 for
instance, have been reported.

While LWR and SWR have been separately explored, the
gap between them has not received much attention. We provide
here a direct experimental observation of an abrupt transition
between the two regimes of light propagation in a graded
PhC. Thanks to a hyperspectral scanning near-field optical
microscope (HSNOM),12,13 this transition is observed over
a broad spectral range at near-infrared wavelengths for an
invariant ratio between the propagating wavelength and the
PhC periodicity. This allows us to define a homogenization
limit close to λ/2.2, which is a significant much larger value
than the λ/10 limit usually considered for homogenization
theory.

II. METHODS

We have considered here a square lattice made of cylindrical
air holes etched in a silicon on insulator (SOI) wafer. As shown
in Fig. 1(a), the fabricated artificial material is obtained by
breaking the lattice symmetry through the introduction of a
gradual in-plane modification of the air hole filling factor (f ).
Lower and higher values of the normalized hole radius range
from r/a = 0.20 to r/a = 0.35. Light is injected inside the
gradual PC with a silicon waveguide, and a HSNOM is used
to provide a direct visualization of the light path over a broad
spectral range. The near-field measurements are restricted here
to propagating wavelengths ranging from λ = 1300 nm (ω =
0.296) to 1550 nm (ω = 0.248), which correspond to a normal-
ized frequency range where the transition between the SWR
and LWR is observed for the TM mode considered throughout
this work. A multimedia file showing the continuous variation
of the near-field images across the whole spectral range is
provided online (see Supplemental Material in Ref. 14).
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FIG. 1. (Color online) Scanning electron micrographs views of
the graded PhC. An overview of the semiconductor sample with
insets showing structural details is provided. The periodic lattice is
a 45◦-rotated square lattice of air holes etched in a 260-nm-thick
silicon on insulator substrate. The lattice period is constant over the
structure with a = 385 nm, while the air hole radius is varied along
the diagonal from r/a = 0.20 to r/a = 0.35.

III. EXPERIMENTAL RESULTS

As shown in Fig. 2, from 1300 to 1420 nm, the light path
inside the gradual PhC is characterized by a slightly upward

bent path towards the region of smaller f (higher long-range
index), whereas the last part of the trajectory is bent downward
towards the region of larger f (lower long-range index). In
this spectral range, the area of the gradual PhC where the
light is bent downward is simply shifted with the increasing
wavelength. The beginning upward bending of the light path
can be easily related to conventional mirage effect in the
LWR regime, in exact analogy with the atmospheric mirage
effect, where the light trajectory is bent towards the regions of
high long-range average index (neff). The abrupt downward
bending effect is thus the signature of a nonconventional
mirage effect, meaning that light propagation has then entered
the SWR. Qualitatively, along the first part of the light path,
λ/neff decreases with f to reach a threshold “λ/n” value at
(xth,yth) where the approximation of homogenization fails.
For the longer wavelengths (up to 1450 nm), the transition
from the LWR to SWR disappears since the “λ/n” threshold
value is not reached during propagation inside the PhC area.
Thus, the measured light path remains only driven by the
conventional mirage effect in the LWR. From 1450 nm, we
note a second beam bent by the nonconventional mirage
effect, which appears at the entrance of the PhC area. As
reported earlier,13 this corresponds to the appearance of a
TE mode propagating inside the graded PhC, which is not
useful for the scope of this paper. For upper wavelengths,

FIG. 2. (Color online) (a)–(e) Near-field observations of the light beam propagation inside the graded PhC. Different wavelengths extracted
from the hyperspectral movie available online are shown (see Supplemental Material in Ref. 14). (f) Near-field spectra extracted from the
near-field hyper images at positions 1 and 2 shown on the image of Fig. 2(d) at λ = 1435 nm.
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both TE and TM modes coexists and are split by the graded
PhC.15 With the TE mode effective index at the input of the
graded PhC being more up than the TM one, the propagation
regime in TE is similar to the TM one but shifted at upper
wavelengths.

More interestingly, a transient regime is observed for
wavelengths around 1430 nm [Fig. 2(d)]. In this range, a
splitting of the propagating beam is observed inside the gradual
PhC area. A first part of the beam propagates according
to the LWR, while the other one is bent downward and
is thus governed by the SWR. As shown on the spectra
recorded at the outputs of the two beams, the transient
regime is observed on a sharp 10-nm spectral range cen-
tered at 1430 nm. This particular regime, which could find
some applications for developing integrated beam splitters,
is probably related to the finite wave vector distribution of
the input beam at the different propagating wavelengths. The
careful examination of this transient regime will be detailed
hereafter.

The main result of this paper is the observation of the
fairly abrupt transition between the LWR and SWR at a
threshold location (xth,yth) moving over the spectrum. From
the HSNOM images, (xth,yth) can be easily tracked over
the spectral range (1300–1440 nm). Then, this measurement
enables us to retrieve the corresponding local air hole filling
factor f . Using Eq. (1), the local threshold long-range index
neff as a function of the propagating wavelength is then directly
obtained. Using ndiel = 2.26 and nhole = 1, corresponding to
the average optical effective index of the SOI wafer over
the considered spectral range, the experimental ratio λ/neff

is reported in Fig. 3(a). As visible in the figure, this quantity
is obviously an invariant that describes the transition between
the LWR and the SWR. The average λ/neff value is measured
to be 677.4 nm, i.e., only 1.78 times the lattice period a, with
a standard deviation as low as 4.4 nm.

IV. DISCUSSION

For a further interpretation of this invariant quantity, we then
converted it into wave-vector modulus assuming that the dis-
persion relationship k = neff·2π/λ. holds for each wavelength
up to the threshold point. Thus, rescaling the wave vector into
a 2π/a normalized unit to match with the conventional PhC
notation, the threshold wave vector amplitude kth is depicted in
the right y axis of Fig. 3(a). The obtained average value is 0.573
[2π/a] (with a standard deviation of 0.004). Then, the wave-
vector threshold can be superimposed in the reciprocal space
on the first band equifrequency surfaces (EFS) of an infinitely
periodical media with r/a = 0.3. Remarkably, as shown in
Fig. 3(b), the experimental LWR/SWR threshold condition
corresponds to the region in k space where the change of the
EFS curvature occurs. Changing the r/a value from 0.2 to
0.35 only changes the reduced frequency corresponding to the
change of curvature but does not modify its k value. As a
consequence, the transition between the LWR and the SWR
appears as a progressive deformation of the EFS curvature
from positive circular shapes centered on � to negative square
shapes centered on the M points close to the Brillouin first
zone extrema.

FIG. 3. (Color online) (a) Experimental characterization of the
transition between the LWR and SWR of light propagation within the
graded PhC area. The quantity λ/n is defined by using a homogenized
PhC refractive index evaluated from the experiments at the threshold
position (xth, yth) between the conventional the conventional and
unconventional mirage effects typically shown (Fig. 2.). This quantity
is recalled as a normalized wave-vector amplitude (2π/a units) for
comparison with the EFS diagrams shown in (b). On the EFS, the
arrows highlight the evolution of the group velocity along the wave-
vector path of the beam inside the graded PhC.

To provide a physical interpretation of this observation, we
restart here from the decomposition of the propagating Bloch
wave into an infinite series of harmonics:16

H (r) = exp (ik.r)
∑

G

hk(G)H0 exp (iG.r) . (2)

Here, H0 is the field amplitude, k is the wave vector, hk(G) are
the dimensionless Fourier coefficients of the Bloch harmonics.
The contribution rates ηG(k) to the global Bloch wave energy
of each harmonics at point k characterized by a G shift with
respect to the � are obtained (0 < ηG < 100%) as15

ηG(k) = |hk(G)|2 . (3)

As mentioned in Ref. 8, the long wavelength limit of PhC
is satisfied as long as the Fourier expansion of the field
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FIG. 4. (Color online) Harmonics decomposition of the Bloch
wave inside the graded PhC. (a) Relative contributions rates of the five
dominant harmonics (0 � ηj � 100% with 0 � j � 4) for increasing
wave vectors along the �-M direction. (b) Similar contribution rates
of the harmonics for a wave vector slightly lying out of the first
Brillouin area onto closed round EFS centered on the M points. The
result is plotted for ω > 0.25 and k = 0.45b1 + 0.55b2 with b1,b2

the two lattice primary vectors in reciprocal space. The orientation
of the individual phase velocities of the four harmonics are shown by
the arrows.

of Eq. (2) is reduced to only the fundamental harmonic:
hk(G �= 0) � hk(G = 0) when ω → 0. To go beyond this
qualitative statement, the contribution rates ηj,0�j�4 of the
first five harmonics along the �M segment in reciprocal space
where the change of the EFS curvature sign occurs have
been calculated. For this calculation, the periodical medium
eigenvalue/eigenvector Hemholtz equation has been solved for
an infinitely periodic square lattice characterized by a given
value of r/a using the H formulation of the Helmoltz equation
with a truncated plane-wave basis with 289 components. Using
the wavelength/wave-vector relationship in band one along
the �M segment, we then calculated the contribution rates
ηj,0�j�4 as a function of k. Figure 4(a) shows the result for
r/a = 0.3 that corresponds to a strong index corrugation in
which the material homogenization hypothesis is challenging.
As a guide to the eye, the threshold k value at kth = 0.57
is pointed by an arrow. For lower k values, the fundamental

Bloch harmonic clearly carries most of the Bloch wave energy.
Its contribution is still above 70% up to k = 0.57 and then
suddenly drops due to the influence of the photonic band edge.
This result suggests that the inversion of the EFS curvature can
be interpreted as a sharp decrease of the fundamental harmonic
contribution (G = 0) in the Bloch wave decomposition.
However, tracking of the wave vector along the �M segment
does not take into account any possible exit of the current
k point out of the first Brillouin zone. Thus, considering the
closed shapes of the EFS around the M points for ω>0.25, we
now consider an excitation k given by k = 0.45b1 + 0.55b2,
with b1,b2 the two PhC primary vectors in reciprocal space
[Fig. 4(b)]. Due to the translational shift of any k points by
G = l1b1 + l2b2, with l1,l2 two integers, contributions to the
Bloch wave energy can arise, as previously, from components
located in all Brillouin zones. The four “dominant” harmonics
are considered here to include the contributions around the
four M points. Figure 4(b) illustrates the result in the k space,
showing the contribution rates with the percentage of the four
dominant plane waves as well as their phase velocities defined
as vphase(l1,l2) = (ω/|l1b1 + l2b2|2) · (l1b1 + l2b2).

The main contribution to the Bloch wave now corresponds
to hk(G = −b2) and not hk(G = 0). As it carries more than
73% of the Bloch wave energy, its downward phase velocity
is dominating the group velocity expansion as a sum of
weighted phase velocities: vgroup(k) = ∑

|hk(l1b1 + l2b2)|2 ·
vphase(l1,l2).16 This result implies that the transition between
the LWR and SWR is not necessarily accompanied by a strong
power transfer from the fundamental harmonics to the others
providing that the operating wave vector does not approach the
M points too closely. In light of these different considerations,
an interpretation of the transition between the LWR and SWR
in the studied configuration can be obtained by considering the
wave-vector path in reciprocal space corresponding to the light
beam trajectory depicted in Fig. 2. On the EFS of Fig. 3(b), an
illustration of the successive group velocity variation along the
light path within the gradual PhC is plotted. Homogenization
of the periodical medium can be considered as a valid approach
until the primary wave-vector path crosses the first Brillouin
zone boundary. For impinging wave vectors out of the first
Brillouin zone, the fundamental harmonic contribution rate
remains high but a sudden shift its wave vector by G = −b2
occurs to keep it in the first Brillouin zone. Thus, the rela-
tionship hk(G = 0) � hk(G �= 0) becomes hk(G = −b2) �
hk(G �= −b2).

This last analysis finally provides a qualitative understand-
ing of the abrupt regime transition discussed earlier. The input
beam inside the graded PhC exhibits a finite wave-vector
distribution related to its initial width. As it propagates inside
the graded PhC, this distribution is naturally spread. However,
as long as the threshold location (xth,yth) is close enough from
the input of the PhC, i.e., for beam propagation lengths in
the LWR shorter than the Rayleigh distance, the wave-vector
distribution spread at the threshold location remains negligible
with respect to the unconventional mirage effect. At 1435 nm,
(xth,yth) is of the order the Rayleigh distance (Zr ∼ 60 μm),
and the wave-vector distribution at the threshold now lies
as well inside and outside the first Brillouin zone, which
gives rise to two distinct Bloch waves with orthogonal group
velocities.
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V. CONCUSIONS

In conclusion, we have reported the experimental observa-
tion of the transition between the LWR and SWR of light
propagation in a planar strong index contrast all-dielectric
photonic metamaterial using a HSNOM technique making
possible to image the involved electromagnetic phenomena
in a broad wavelength range. The performed investigations
allow evidencing an invariant quantity of the form “λ/n” as a
criterion above in which the homogenization of the composite
material can be applied. The obtained value is as low as
1.78 times the material lattice period and can be attributed
to the point at which the wave-vector path in reciprocal
space exits the first Brillouin zone limits. The robustness of
the medium homogenization reported here is an interesting

result for their application as photonic artificial materials in
the so-called LWR. Additionally, the reported abruptness of
the LWR-SWR transition may also be of interest for the
realization of original optical functionalities exploiting graded
PhC operating simultaneously in the two regimes of light
propagation.
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